Abstract. In this paper we introduce the notion of fuzzy Hilbert spaces and deduce the fuzzy version of Riesz representation theorem. Also we prove some results in fixed point theory and utilize the results to study the existence and uniqueness of solution of Uryson's integral equation.
Introduction and preliminaries
The notion of probabilistic inner product spaces can be considered as the generalization of that of inner product spaces. The definition of these spaces has been introduced in [3] . Induced norms by these spaces may have very important applications in quantum particle physics particularly in connections with both string and E-infinity theories [6] , [7] . Also the definition of a probabilistic Hilbert space, in a special case, has been introduced in [19] . On the other hand, the fuzzy inner product spaces are closely related to the mentioned spaces. Many authors have introduced the definition of fuzzy inner product spaces from different point of views [5] , [12] , [13] . Recently the definition of a fuzzy inner product space, has been introduced in [10] . A new modification of the last definition can help us to prove the results with less restrictions. On the other hand, how to define the notion of a fuzzy Hilbert space is a quite different story. Creating a structure which be flexible enough to gain the similar results of classical type is among the most important subjects. So, first we modify the definition of a fuzzy inner product space and then we define the notion of a fuzzy Hilbert space. Also we prove some results in fixed point theory and as an application we study the existence and uniqueness of solution of Uryson's integral equation. 
the following conditions hold for all p, q, r in S.
In this paper we denote by * s a strong t-norm. Also in [18] , it has been proved that if for all a, b ∈ [0, 1], we define
Then all of above maps are continuous t-norm and
The 3-tuple (X, N, * ) is said to be a fuzzy normed space if X is a vector space, * is a continuous t-norm and N is a fuzzy set on X × (0, ∞) satisfying the following conditions for every x, y ∈ X and s, t > 0 
Then (X, N, * ) is a fuzzy normed space. In particular if k = m = n = 1 we have
which is called the standard fuzzy norm induced by the norm . . × R satisfying the following conditions for every x, y, z ∈ X and t ∈ R. 
Theorem 1.11. Let (X, F, * ) be a FIP-space with a continuous t-norm satisfying t * t ≥ t for all t ∈ [0, 1]. Then it is a (Real) fuzzy normed space (FN-space).

Lemma 1.12. If (X, F, * ) is a FIP-space then F (p, q, t) is non decreasing with respect to t, for each p, q ∈ X.
Theorem 1.13. (Schwartz inequality) Let (X, F, * ) be a FIP-space and * be a continuous t-norm with t * t ≥ t, for all t ∈ [0, 1]. Then for any u, v ∈ X and t, s > 0 we have
and it is denoted by u⊥v.
Basic results
In the first step we give the new modified definition of a fuzzy inner product space and then we prove some interesting results which hold in any fuzzy inner product space. Throughout this paper we let
Definition 2.1. A fuzzy inner product space (FIP-space) is a triplet (X, F, * ), where X is a real vector space, * is a continuous t-norm, F is a fuzzy set on X 2 × R and the following conditions hold for every x, y, z ∈ X and s, t, r ∈ R.
Example 2.2. Let (X, < ., . >) be an ordinary inner product space. We define a mapping F :
If we define a * b = min{a, b} then (X, F, * ) is a FIP-space. In particular if k = m = n = 1 we have
which is called the standard fuzzy inner product induced by the inner product < ., . > .
To check the details of above example we consider the case min with the standard fuzzy inner product. The other case can be proved similarly. The conditions (FI-1)-(FI-3) clearly hold. In (FI-4), if α > 0 then the proof is obvious. In the case in which α < 0 and t > 0 we have
Since the t-norm min satisfies in min t∈ [0, 1] (t, t) ≥ t, then by theorem 1.11 the condition (FI-5) holds. To prove the condition (FI-6) we note that for any t ∈ (0, 1) there exists unique values u t and v t such that
and
Also the conditions (FI-7) and (FI-8) clearly hold. 
We will show that N satisfies conditions of definition 1.5 In fact conditions N1)-N3) are obtained from (FI-1)-(F I − 4) and Lemma 1.12 To show N4) assume that s, t > 0. In this case by (FI-4)-(FI-6) we have
N5) and N6) follows immediately from (FI-7) and (FI-8).
Also as the results of definition 2.1 and proposition 1.9, we have the following statement. But according to classical version we can prove that {x n } is a Cauchy sequence and x 0 = lim x n = δ is the unique point with the smallest norm, for an element 
F (x n , y, t) = H(t),
on R \ {0}. By (FI-4), zero is orthogonal to each vector in X. Also suppose that x⊥y, for each y ∈ X. Then F (x, x, t) = H(t), for all t ∈ R. Hence x = 0, by (FI-2) and this completes the proof.
Fuzzy version of Riesz representation theorem
How we can extend the theory of fuzzy Hilbert spaces parallel to the classical version is the story of this section. First we prove a basic theorem which can help to define the notion of a fuzzy Hilbert space and then we prove the Riesz representation theorem for fuzzy Hilbert spaces. Theorem 3.1. Suppose that (X, F, * ) be a FIP-space, where * is a strong tnorm and for each x, y ∈ X, sup{t ∈ R, F (x, y, t) < 1} < ∞. Define < ., . >:
Then (X, < ., . >) is an inner product space.
Proof : : By (FI-3), < ., . > is commutative and by (FI-4), we have < αx, y >= α < x, y >, for each x, y ∈ X and α ∈ R. By lemma 1.12 and (FI-1) , < x, x > ≥ 0 for each x, y ∈ X. Now suppose that sup{t ∈ R, F (x, x, t) < 1} = 0. Then for any t > 0, F (x, x, t) = 1. The nondecreasing property of F and (FI-2) implies that x = 0. Conversely suppose that x = 0. By (FI-4) sup{t ∈ R, F (0, 0, t) < 1} = sup{t ∈ R, H(t) < 1} = 0.
Finally we prove that < x + y, z >=< x, z > + < y, z >, for each x, y, z ∈ X. By (FI-6), for any ε > 0
This means that
Since ε is arbitrary it implies that
On the other hand if we get
by (FI-4) and (FI-6) we have
) < 1 and * is a strong t-norm we have
and this shows that
So the proof is complete. 
Then for any sequence {x n } in H, the following assertions are equivqlent i)
Proof : By definition we have
Hence the proof is complete. According to what we see in above statements, we can define : Definition 3.4. Let (X, F, * ) be a FIP-space, where * is a strong t-norm and for each x, y ∈ X, sup{t ∈ R, F (x, y, t) < 1} < ∞. Define < ., . >:
and x =< x, x > 1 2 (see theorem 3.1 and corollary 3.2). We say that (X, F, * ) is a fuzzy Hilbert space if (X, . ) is a complete normed space.
From now on, we denote by (H, F, * s ) and (F H, F, * s ) any FIP-space having the condition of theorem 3.1 and any fuzzy Hilbert space(FH-space) respectively. If we put t n = sup{t ∈ R : F (x n − x, x n − x, t) < 1}, then for each ε > 0 there exists n 0 ∈ N such that t n < ε. But this means that 
So f is also continuous on F H as a Hilbert space. By using Riesz representation theorem the proof is complete.
Fixed point theorems
In this section we try to gain some common fixed point theorems in fuzzy Hilbert spaces. But first we prove a result which will be useful in the sequel and holds in any Banach space. 
Proof : For any
This implies that 
Then the conclusions of proposition 4.1 hold.
Proof : From (4.3), for all x, y ∈ F H and t ∈ R we have
(4.4) Hence for any n ∈ N, we have
By applying (4.4) and corollary 3.2 we can deduce that
This means that T is a continuous self mapping on (F H, F, * s ). The similar argument shows that S is also a continuous self mapping on (F H, F, * s ). Hence the proof is complete.
Note : In the above theorem the condition of continuity has been removed from the conditions in comparison with the ordinary case, although the condition (4.3) shows that T is τ F -continuous. n < ∞. Suppose further that for n = 0, 1, 2, ...
for all x, y ∈ F H and t ∈ R. Then the conclusions of theorem 4.4 hold.
Proof : By the same argument mentioned in the previous theorem and (4.5)(f or n = 1) we can prove that S and T are continuous self mappings on (F H, F, * s ) and also for each x, y ∈ F H we have 
Application
Generally we consider the fuzzy inner product spaces as the extension of inner product spaces(example 2.2). So we expect that a fuzzy Hilbert space be an extension of a Hilbert space. In lemma 3.3, we have shown this fact. On the other hand, it seems that the theory of fuzzy Hilbert space be useful to prove many results in Hilbert spaces. We shall utilize the results of section 4 to study the existence and uniqueness of solution of the following kind of Uryson's integral equations on L 
